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Literature

e Rincon (2019), Dynamo theories. A review of small-scale and large-scale dynamos. Section 3.4
develops the Kazantsev model, with the spectral Fokker—Planck equation and its solutions in
§ 3.4.8.

e Schekochihin et al. (2002), Spectra and Growth Rates of Fluctuating Magnetic Fields in the
Kinematic Dynamo Theory with Large Magnetic Prandtl Numbers. Section 2 derives the spectral
equation and Green’s-function solutions. Appendix A gives the isotropic Fourier transforms and
solenoidal correlation tensors used to connect real-space and spectral descriptions.

1 Magnetic dynamos

Magnetic dynamos are ubiquitous across many scales in the Universe. They describe the transfer of
energy from fluid motions into the magnetic field. In this lecture, I will move through small-scale
dynamo theory where one seeks closures to transfer terms of the third order correlator (uBB). These
lecture notes take inspiration from Rincon (2019) and Brandenburg and Ntormousi (2023) and Alex
Schekochihin’s notes on kinetic and fluid plasmas. I should apologize in advance that the citation list
is not intended to be exhaustive.

1.1 Goals for this lecture

e Derive the Kazantsev model for the spectrum of magnetic field fluctuations in the presence of
random velocity gradients.


https://doi.org/10.1017/S0022377819000539
https://arxiv.org/abs/astro-ph/0103333
https://arxiv.org/abs/astro-ph/0103333
https://www-thphys.physics.ox.ac.uk/people/AlexanderSchekochihin/KT/2015/KTLectureNotes.pdf

2 Small-scale dynamo (kinematic only)

2.1 Magnetic energy spectrum evolution

In component form, the induction equation is

8tBi = @(uZBJ - UjBi) + ’I’}VQBZ (1)
Introducing the Fourier transform,
Bilkt) = [ d'oe By (a.t), 2)
the induction equation becomes
d3k/ d3k//

8tl§’z(k:) = ’ij / (271’)3 5(,{: — Kk — k//) |:ﬁ1(k,)éj(k//) . ﬂj(k/)éi(kﬂ)} . ’I’}k2B1(k) (3)

The magnetic energy associated with mode k is

Ep(k,t) = =|B(k,t))%. (4)

DN =

Its evolution is therefore

8. Ep(k,t) = Re [Bj(k)atéi(k)} (5)

31.0 1311
— Re {ikjf;j(k) / dé;gka(z@ K K" [ﬂi(kz’)Bj(k”) - aj(k/)éi(k")} } —Mk2Ep (K, 1).
(6)

To pass from the mode-by-mode budget to an isotropic shell budget, define the one-dimensional mag-
netic energy spectrum by integrating over the spherical shell |k| = k:

1 .
Mikt) = 5 [ K au Bk o), 7
so that
M(k,t) = /k2 dQy, Eg(k,t). (8)
Differentiating at fixed k gives
O M (k,t) = /k2 dQy 0, Ep(k,t), (9)
and substituting the mode-energy equation yields the exact shell-integrated budget
oM (k,t) = Tp(k,t) — 2nk* M (k,t). (10)
It is useful to isolate the triadic integrand
Tp(k; k' k" t) = Re {ikjéj(k)a(k KK {ai(k')éj(k”) - aj(k:')Bi(k”)} } (11)
where
) dSk/ d3kl/
kt)= [ k*dQ | ——=—Tgs(k; k', k", 1). 12
TB( ) ) / k/ (271_)3 B( ) ) ) ) ( )

The delta function enforces the triad condition k = k' + k', so Tg(k,t) is the total induction contri-
bution into the shell of radius k£ after summing over all velocity—magnetic-magnetic triads that end
on that shell. The resistive term is local in k, while the inductive term is nonlocal in Fourier space
and depends on mixed third-order correlations. In the kinematic problem this term describes both
redistribution among magnetic wavenumbers and net amplification by the prescribed velocity field, so
it is not closed as written. A statistical closure is therefore required to obtain a tractable evolution
equation for M (k,t).



2.2 The Kazantsev (1968) k%2 model
2.2.1 Closure of the third-order correlators

The exact spectral evolution equation
oM (k,t) = Tp(k,t) — 2nk* M (k, t) (13)

is not closed, since the inductive transfer term 7z depends on mixed third-order moments of the
form (uBB). Thus, the evolution of the second-order magnetic correlator depends on higher-order
correlations, and a closure is required.

The Kazantsev—Kraichnan model provides such a closure by replacing the velocity field with a
prescribed random process that is Gaussian, homogeneous, isotropic, non-helical, and d-correlated in
time. Its two-point covariance is

(ui(z, t)u; (2’ 1)) = rij(r) ot — '), r=x —x, (14)

with the isotropic tensor decomposition

T‘ﬂ’j

kig(r) = k(1) (05 = T3 ) + k()5 (15)

For an incompressible flow, 0;u; = 0, so the transverse and longitudinal correlators are not independent:

rdep(r)
2 dr

kn(r) =kp(r) + (16)

In the kinematic regime, the velocity is prescribed and receives no magnetic back reaction. The

magnetic field nevertheless depends on the velocity history through the induction equation, so the two

fields are not generally statistically independent. The §-correlation in time implies that the velocity

has no memory, so the magnetic field experiences a Markovian sequence of random stretching events.
The most natural object to evolve is the equal-time magnetic two-point correlator,

Hij(rat) = <Bi(m7t)Bj(m/7t)> : (17)

Isotropy implies the analogous decomposition

T T
Hij(r,t) = Hy (1) (6 = 25 ) + Hu(r ) "5, (18)
and V - B = 0 further gives
r OHp,(rt
(1) = Hy(r. ) + £ 2D, (19)

Thus the whole isotropic problem reduces to the single scalar function Hy(r,t).

2.2.2 Gaussian integration by parts for one random variable

A scalar example isolates the probabilistic identity that underlies the closure. A zero-mean Gaussian
random variable z with variance o2 has probability density

p(z) = @%XI’(HJ | (20)

Differentiating this density gives

D) __Zpe), ) = -0, 2y

The function F(z) can be any sufficiently regular function for which the expectations below exist and
the boundary term vanishes,

lim F(z)p(z) = 0. (22)

z—+o0



In particular, F' need not be linear or Gaussian. Substituting the density derivative into the expectation
and integrating by parts gives

R = [ drm)

=02 /Z dz F(z) dzc)l(zZ)
= o2 [F(z)p(z)} . + o? /Z dzp(z)dFdiZ)

_U<‘“;<>> (23)

The integration by parts moves the derivative from the Gaussian probability density onto F'. This is
an exact identity under the stated conditions.

In the dynamo problem, the role of z is played by the Gaussian velocity field, while the role of
F(z) is played by the magnetic product B;(«,t)B;(x’,t). This product is a functional of the velocity
history, so the field version of Equation 23 uses a functional derivative.

2.2.3 From Gaussian integration by parts to the Kazantsev equation

The magnetic fields are evaluated at  and =, with » = ' — . Gaussian integration by parts requires
an integral over the velocity history. We denote its dummy position and time by " and t”. They are
integration variables, not additional magnetic-field positions:

(um (z, t)F /dt”/d?’x" Kmn (2" — x)d(t —t") <(%> , (24)

where Flu] = B;(x,t)Bj(x’,t). We evaluate the magnetic response using the induction equation. A
velocity perturbation ev acting for At changes the field by

0.8 (z,t + At)’ = ALy, (0B — vaBi) + O(AF2). (25)

Choosing v;(x) = 6;,0) (x — x'") localizes the perturbation. The corresponding equal-time functional
response is

1
_— — 2. B) (e !\(S. _ ‘
IRCZRT) Or, [09) (@ — &) (GinBa — bunBi)] - (26)

2

t=t
The factor 1/2 includes the causal endpoint weight for symmetric temporal regularization. With that
weight already included, the temporal delta function in Equation 24 selects this response without
another factor 1/2. Suppressing the common time ¢, the product rule is

S[Bi(x)B;(2)] _ Bi(z) B;(x')

= Bj(x)—— -~ () —————. 27
Sun (@, 1) ) St o) B @) s oy (27)
Substituting the product rule into Equation 24 first gives
(tp (z,t)B;(z,t) Bj(2', 1))
/ dt” / 32" Ky (2" — x)5(t — 1)
dB;(z,t) dB;(x',t)

We now insert Equation 26 at each magnetic position. The temporal delta function selects the equal-
time responses, and the magnetic averages become H,;, H;;, and H;,. Suppressing ¢, the integral is
explicitly
(um () Bi(x)Bj ("))
1

= §/d3$” Kmn (2" — w){@ma [5(3)(:13 —&")(6inHaj — 5anHij)]

+ 0y [5<3> (@ — &) (80 Hiq — 5anHij)] } (29)



The two derivatives act only on their square brackets. The first bracket is the response at «, and the
second is the response at x’. The undifferentiated delta functions perform the integrals as

/d?’x” Ko (& — 2)5@) (@ — &) = K0 (0),

For a derivative of the second delta function, integration by parts gives
/d?’x" Kmn (2" — w)@wgé(?’)(az' — ")
= —/d3x” Komn (2" — m)@wgéw)(w’ -z
- / B2 Dy (@ — )5 (@ — &) = Oy, o (7). (31)
The same operation at « gives the covariance gradient at » = 0, which vanishes by evenness. Perform-

ing these integrals in Equation 29 and contracting fmn0in = Kmi, KmnOjn = Kmj, and Kmndan = Kma
gives

(um () Bi(x)Bj ("))
= % [nmi(O)BmaHaj — Iima(O)aIaHZ'j]
+ %aq;:l [Iimj(’l")Hi — nma(r)Hij} . (32)

Homogeneity gives 0,, = —0,, and 0,/ = 0,,. Solenoidality gives 0,, Hyj = 0y, Hia = 0 and 0y, ko =
0. Thus the same result can be written entirely in the established separation coordinate:
1
(um (@) Bi(@)B; (') = 5 [(Kma(0) = Kma(7))0r, Hij + (Ory Kim (1)) Hia] (33)

The mixed moment with velocity at @’ follows by exchanging (x,4) and («', j), which sends r — —7.
Differentiating the magnetic product in time gives

OrHij = 0y, ((uiBa — ua Bi)(x) Bj(x'))
+ 0w (B;(x)(u; By — uoB;y)(x')) + 20 VZH;;. (34)

Using Equation 32 and homogeneity, 9,, = —0,, and 0,/ = 0, , combines the coincident and separated
velocity covariances into

Dij(T‘) = 277(5” + lﬁ)ij(O) - lﬁ)ij(’f'),
OuH;j = 0r,Or, [DavHij + DijHay, — DiyHaj — DojHip) (35)

Finally, we substitute the isotropic tensors, use Hy = Hy, + (r/2)0.Hy, and Dy = Dy, + (r/2)0, Dy,
and project along n; = r;/r. The angular derivatives are 9, ,n; = (d4,; — nan;)/r. This gives (Rincon,
2019, § 3.4.4)

4D
8tHL = DLafHL + <T‘L + 87.DL) 87.HL

4
+ <83DL+T8TDL> Hy, Dr(r)=2n+ k1(0) — k(r). (36)

2.2.4 The spectral Fokker—Planck equation

At Pm > 1, the resistive scale lies below the viscous scale, so the velocity is smooth across the magnetic
structures. Its covariance has the small-separation expansion

kL (1) = Ko — %7‘2 +O(r"),

kN(r) = Ko — %T‘Q +O(r"). (37)



Here k9 = kr(0) and Ky = —2 83/<;L(r)|7.=0. Thus k9 measures the curvature of the longitudinal
velocity covariance with respect to separation. The first derivative vanishes at r = 0 by evenness.

Physically, ko measures the strength of the velocity gradients integrated over their correlation time.
Differentiating the covariance at both positions gives (0, ui(, )0y uj(x',t')) = =0y, O, ki5(r)d(t—1').
Contracting a = b and ¢ = j at r = 0 yields

(Vu(z,t) : Vu(z,t')) = Eﬂgé(t —t),

2
o — % dr (Vu(@,t) : Vu(w,t+7)). (38)

For a flow with finite correlation time, the corresponding estimate is kg ~ Tcorr (Ve : V). Thus ko
has units of inverse time, rather than the inverse-time-squared units of Vu : Vu. The diffusivity is
then Dy = 2n + kor? /4. Substitution into Equation 36 gives

4
OHy, =2n (aZHL + T&HL> + % (r*02Hy + 6rd,Hy, + 10H,) . (39)

Angular integration of the isotropic solenoidal magnetic covariance relates Hy, to M through

sins — scos s

Hy(r 1) o /0 Mk, K () dis, K(s) = (40)

g3

The proportionality constant depends only on the Fourier normalization and cancels from the evolution
equation. The kernel satisfies

<a?, + ‘:ar) K(kr) = —E*K(kr), rO K (kr) = koK (kr). (41)

Consequently, the resistive term transforms to —2nk2M. For the stretching term, integration by parts
transfers both k derivatives from the kernel onto M:

/ M (K*07K + 6k0,K + 10K) dk
0
= / K [0 (k*M) — 60k (kM) + 10M] dk
0

= / K (K*0FM — 2k0i M + 6M) dk;, (42)
0

where the boundary terms vanish. With v = 5k5/4, comparison of the transforms gives the spectral
Fokker—Planck equation (Rincon, 2019, § 3.4.8),

O M = L (K202M — 20, M + 6M) — 20k M. (43)
5 k

The parameter v ~ du, /¢, measures the viscous-scale strain rate. It is distinct from the magnetic-
energy growth rate vg. This spectral equation applies to magnetic modes with k£ > k,, where k,
is the viscous wavenumber. Random stretching amplifies the spectrum and spreads it in In k, while
resistivity damps modes at large k.

2.2.5 Diffusion-free evolution and the Kazantsev spectrum

Before the spectrum reaches the resistive scale, 2nk?M is negligible. We use the logarithmic coordinate
y = In(k/k,), for which

kOp =0y, K0 =0, — 0, (44)
The diffusion-free equation is therefore

M = L (9;M —30,M +6M). (45)



Writing M = €3¥/2W(y, t) removes the first derivative and gives

) 3y
OV = =90V + — . 46
t 5 Y + 4 ( )
This is diffusion in logarithmic wavenumber with uniform amplification. The initial spectrum is
My(k) = M(k,0). The Green’s function evolves each initial shell at ko, and integration over yq

sums their contributions. Since dyy = d1n ko = dko/ko, the general solution is

5 [ dk k2 51n%(k /ko)
M(k,t) = 3“/41/—/ —= M, — | 4
(k1) =c dmvt Jo o ko o(ko) ko P 4yt ()

For a simple example, we place the initial magnetic energy Eiag o in a narrow shell at k,:

MO(kO) = Emag,05(k0 - ks)a / MO(kO) dko = Emag,O- (48)
0

We choose k, < ks < kj,: the seed wavelength is long compared with the resistive scale, while
remaining in the smooth-flow regime. The delta function performs the integral in Equation 47, giving

Ernag.0 5 [ k\*? 51n%(k k)
M _ Dmag0 34¢/4 L _ s/ 4
(k1) ks c Aryt \ kg P 4t (49)

The factor 1/ks comes from the logarithmic integration measure: [(dko/ko)d(ko—ks)f (ko) = f(ks)/ks.

The k3/? factor is the Kazantsev spectrum. The full solution also has a time-dependent envelope,
so its local slope approaches 3/2 where that envelope varies slowly. The logarithmic diffusion kernel
has variance 2vt/5. We characterize its evolution by the spectral rms wavenumber, the peak of M (k,t),
and the total magnetic energy. The Gaussian integrals in Equation 49 give [ k?M dk = Eypag ok2e?47t/°
and [ M dk = Eppag0€?, so

fooo k? M (k,t) dk i _ T/
M tyde |0

Frms () = [

peai(t) = angmax M(k, ) = k7", (50)
k

Enag(t) = / M (k,t) dk = Enmagoe®".
0

All three grow exponentially, with v setting the rate. The rms wavenumber grows faster than the peak
because its k? weighting emphasizes the expanding high-%k tail. The magnetic-energy growth rate is
vg = 27v. These results hold during diffusion-free evolution, before resistivity truncates the spectrum.
2.2.6 The resistively truncated spectrum
Resistivity arrests the drift near
Y 1/2
n 107,] m v ( )

We seek a fixed spectral shape with an exponentially growing amplitude,

k%2 k
M(k,t) = et () fla), q=-—. (52)
" o
Substitution into Equation 43 gives
d*f df 15
207 S a2 _ 1@ _
e +qdq (q +5A 1 ) f=0 (53)



The solution that decays at large g is the modified Bessel function K, (q), with u? = 5\ — 15/4.
Matching at the low-k end selects A. In the large-scale-separation limit, A — 3/4 and pu — 0, giving

M (k,t) oc e37t/4 (:)3/2 Ko(kli) . (54)

mn

Thus the spectrum has a k3/2 factor with a slowly varying logarithmic correction below the cutoff,

since Ko(q) ~ —In(q/2) — Yguler for ¢ < 1. Above it, Ky(q) ~ +/7/(2¢)e~? produces an exponential
falloff. The spectral shape is now fixed, so each mode and the total magnetic energy grow at the same
rate, yg = Ay ~ 3v/4.
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